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PREDUALS AND DOUBLE PREDUALS OF SOME BANACH
SPACES
LUIGI D’ONOFRIO, GIANLUIGI MANZO, CARLO SBORDONE,
AND ROBERTA SCHIATTARELLA
Abstract. In this paper we study ways to establish when a Banach space
can be identified as the dual or the double dual of another Banach space.
To obtain these results, we relate these spaces with other, concrete Banach
spaces - tipically ℓ1 and ℓ∞ - and show that under suitable assumptions we
can transfer properties of these spaces to the space we consider. In particular,
we show how these results can be used to obtain in a simple way interesting
results about spaces such as BMO and BV .
Dedicated to the memory of Professor E. Vesentini.
1. Introduction
A Banach space E is a dual space if there exists a Banach space E∗ (a predual
of E) such that (E∗)
∗ is E. We mean that E∗ is an isometric predual:
(E∗)
∗ ∼= E,
where ∼= denotes isometric isomorphisms. We will denote isomorphism of Banach
spaces by ≃.
When E is a dual space, we can define the weak-star topology, and the Banach-
Alaoglu-Bourbaki Theorem says that the unit ball BE := {x ∈ E : ‖x‖E ≤ 1} of E
is weak-star compact.
This fact can be reversed, that is, assume that there exists a subset F of E∗ that
separates the points of E and BE is σ(E,F)-compact (where σ(E,F) is the coarsest
topology on E such that the elements of F are continuous), then the closed linear
span of F
clE⋆(spanF)
defines a Banach space E∗ which is an isometric predual of E; in particular, the
norm of x ∈ E as a functional on E∗ is equal to its norm as an element of E
(1.1) ‖x‖E = sup
‖ϕ‖E∗≤1
|〈x, ϕ〉|.
(see [18], [9]).
This approach which relies on the existence of suitable F ⊂ E∗ is natural once we
observe that any predual E∗ of a E should be viewed as a suitable closed subspace of
the dual space E∗ (see [25]). Theorem 3.2 characterizes duals E of separable spaces
by simply requiring that F ⊂ E∗ is countable. In Section 4 we will complement
this result with an explicit description of elements of E∗ by atomic decomposition.
Let us now recall that for any subspace U of a Banach space Z we canonically
have U∗ ∼= Z∗/U⊥ and (Z/U)∗ ∼= U⊥, where U⊥ is the annihilator of U in Z∗ (see
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for instance [20], Exercise 2 and 3, pag. 76-77) . Theorem 3.1 says that for any
predual P of E there exists a Banach space Z, a continuous embedding V : E → Z∗
with E ∼= V (E) weak star closed, such that P ∼= Z/⊥(V (E)), i.e.(
Z/⊥(V (E))
)∗ ∼= E,
where ⊥V (E) is the subset of Z of elements annihilating V (E).
Two important examples, that we will consider in greater detail later, are E =
BMO(Q0) the space of functions with bounded mean oscillation and E = BV (Q0)
the space of functions of bounded variation (Q0 = [0, 1]
d ⊂ Rd).
To prove that E is a dual space, we denote by I a set of indices with the cardinality
κ of the unit ball of E∗, BE∗ = (ψi)i∈I and consider the space
ℓ1κ =
{
ξ = (ξi)i∈I ∈ I
R : ‖ξ‖ℓ1κ =
∑
i∈I
|ξi| <∞
}
whose dual is
ℓ∞κ =
{
ξ = (ξi)i∈I ∈ I
R : ‖ξ‖ℓ∞κ = sup
i∈I
|ξi| <∞
}
.
Consider the continuous embedding
V : E → ℓ∞κ
defined for x ∈ E by
V (x) = {〈ψi, x〉E}i∈I ∈ ℓ
∞
κ
then, E has an isometric predual,
E∗ = ℓ
1
κ/
⊥(V (E))
(see Theorem 3.1).
Another interesting question is to see when E∗ has a predual; in this case, we will
say that E has double predual. Let F = {fn}n∈N ⊂ E
∗ be a countable, norming
subset for E, thus E is a Banach space under the norm
‖x‖E = sup
n∈N
|〈fn, x〉E |.
Now, we fix an isometric predual C of ℓ1, hence C ⊂ ℓ∞, and consider the isometric
embedding
V : E → ℓ∞, V x(n) = 〈fn, x〉E
and the set
EC = {x ∈ E : V (x) ∈ C}
then, (EC)
∗ ⊂ E∗ (see Remark 3.4) and by Theorem 3.3 we have the isometric
isomorphism
(EC)
∗ ∼= E∗
if (and only if) the (AP) condition
(AP) ∀x ∈ E, ∃{yj}j∈N ⊂ EC : yj → x in σ(E,F), sup
j∈N
‖yj‖E < +∞.
holds true.
Notice that for E = BMO, we have E∗ = H1 the Hardy space, and for a suitable
C, which can be obtained from Section 5, we recover EC = VMO and BMO is
double dual of VMO, where VMO is the space of functions of vanishing mean
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oscillation.
In case E = BV (Q0), E∗ is isomorphic to{
ϕ+ divφ : ϕ ∈ C0(Q0), φ ∈ C0(Q0;R
d)
}
(see [2], [13]), but it is not possible to find C such that (EC)
∗ ∼= E∗, at least in the
case that C is M-embedded (see Section 2 and Theorem 6.3).
Another interesting case is the spaceB of Bourgain–Brezis–Mironescu introduced
in [7] (see also [1]) to obtain a more general space than VMO having the property
that all integer valued functions are actually constant. This space is similar in
nature to BMO, and enjoys similar properties.
Acknowledgments
The authors are members of the Gruppo Nazionale per l’Analisi Matematica, la
Probabilita` e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta
Matematica (INdAM). The research of L. D. has been funded by “ Sostegno alla
Ricerca Locale ”, Universita´ degli studi di Napoli “ Parthenope ”. The research of
R.S. has been funded by PRIN Project 2017JFFHSH.
2. Preliminaries
We fix some notation.
For a Banach space E, we say that a subset F ⊂ E∗ is a norming set for E if
(2.1) ‖x‖E = sup
f∈F
|〈f, x〉E |
for all x ∈ E. Let E be a Banach space; consider the following sequence spaces.
Let
ℓp(E) =
{
(an) : N→ E :
∞∑
n=1
|an|
p <∞
}
where 1 ≤ p <∞. Then ℓp is a vector space on which the standard norm is defined
by
‖(an)‖ℓp(E) =
(
∞∑
n=1
|an|
p
) 1
p
.
Let ℓ∞(E) be the vector space of all bounded sequences in E equipped with the
following norm:
‖(an)‖ℓ∞(E) = sup
n∈N
|an|.
An important linear subspace of ℓ∞(E) is the space c0(E) of sequences having
norm converging to zero. (c0(E), ‖ · ‖ℓ∞(E)) is a normed vector space.
The space of bounded finitely additive functions on N is denoted by ba(N) [31]:
ba(N) = {m : P(N)→ R | ∀A,B ⊂ N, A ∩B = ∅,m(A ∪B) = m(A) +m(B)} .
It is a known result of the theory of Banach spaces that if U is a subspace of
the Banach space Z then there is a natural isomorphism between (Z/U)∗ and the
annihilator U⊥ of U in Z∗,
U⊥ = {f ∈ Z∗ : 〈f, u〉 = 0 ∀u ∈ U} ,
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which is given by the map that sends f ∈ U⊥ into f˜ : z + U ∈ Z/U 7→ f(z).
There is also a natural isomorphism between U∗ and Z∗/(U⊥), which is obtained
similarly.
If Y is a subspace of Z∗, we denote by ⊥Y the subset of Z of elements annihilating
Y .
Definition 2.1. [16] A Banach space E is said to be M -embedded if the natural
decomposition
E∗∗∗ = E∗ ⊕1 E
⊥
is an ℓ1 direct sum.
A Banach space E is said to be L-embedded if there exists a closed subspace
F ⊂ E∗∗ such that
E∗∗ = E ⊕1 F
is an ℓ1 direct sum.
3. Results
Theorem 3.1. Let E be a Banach space. Then E is the isometric dual of a Banach
space E∗ if and only if there exists a Banach space Z and a continuous embedding
V : E → Z∗ such that V is an isometric isomorphism between E and V (E) and
V (E) is weak-star closed in Z∗. In this case, the space E∗ = Z/(
⊥V (E)) is such
an isometric predual.
Proof. Assume there is a map V . Then we have that (⊥V (E))⊥ = V (E), so that(
Z/(⊥V (E))
)∗ ∼= V (E) ∼= E.
Conversely, let E∗ be an isometric predual of E.
We now take κ equal to the cardinality of BE∗ = {ψi}i∈I and define the map
V : x ∈ E 7→ {〈ψi, x〉E}i∈I ∈ ℓ
∞
κ .
The map V is obviously an isomorphism, and it is possible to show that V (E) is
weak-star closed in ℓ∞κ . By the Krein-Smulian theorem, it is enough to show that
V (E) ∩ Bℓ∞κ is weak-star closed.
Let {xλ}λ be a net in the unit ball of E, BE , such that V (xλ) converges weak
star to ξ = {ξi}i∈I ∈ ℓ∞κ . Since BE is σ(E,E∗)-compact, we can assume without
loss of generality that 〈ψi, xλ〉E → 〈ψi, x〉E ∀i ∈ I for some x ∈ BE . But since
〈ξ, δi〉ℓ1κ = ξi, where δ
i is the element of ℓ1κ equal to 1 at index i and 0 elsewhere,
we have that 〈ψi, xλ〉E → ξi for all i ∈ I, so ξi = 〈ψi, x〉E , i.e. ξ = V (x), which
proves our claim.
To end the proof, we should prove that
E∗ = ℓ
1
κ/
⊥V (E).
We notice that 〈ψi, x〉E = 〈δi, V (x)〉ℓ∞ , so that ψi coincides with the equivalence
class of δi, and since ℓ
1
κ/
⊥V (E) = clE∗(span{[δ
i]}i∈I) we prove this result as well.

We use previous result to ricognize that the space
(3.1) BV (Q0) =
{
u ∈ L1(Q0) : V [u] <∞
}
,
where
V [u] := sup
{ˆ
Q0
u divϕdx : ϕ ∈ C∞0 (Q0), ‖ϕ‖∞ ≤ 1
}
PREDUALS AND DOUBLE PREDUALS OF SOME BANACH SPACES 5
endowed with the norm ‖u‖BV := ‖u‖L1 + V [u] is a dual.
Choose
Z = C0(Q0)
d+1
we have
Z∗ = {µ = (µ0, µ1, · · · , µd) : µj ∈ M(Q0)}
where M(Q0) denotes the space of Radon measures on Q0.
Let us also consider the subspace Y of Z which is the closure of the subspace
T =
{
φ ∈ Z : φ = (φ0, φ1, · · ·φd) ∈ C
∞
0 (Q0)
d : φ0 =
d∑
i=1
∂φi
∂xi
}
.
Consider the map
V : u ∈ E →
(
uLd, D1u, · · · , Ddu
)
∈ Z∗
and notice that (see [2] Remark 3.12)
‖u‖BV ≤ 2‖V u‖Z∗ ≤ 2‖u‖BV .
Moreover
V (E) is weakly closed in Z∗.
Hence, by Theorem 3.1, we obtain that BV is dual:
(3.2) BV ∼=
(
Z/⊥V (E)
)∗
.
Actually BV∗ is a separable space.
It is possible to show that we can replace in some sense BE∗ with F in the proof
of previous theorem, as long as BE is compact with respect to the topology σ(E,F)
[9, 18].
In case F = {fn}n∈N is a sequence, the resulting predual E∗ is separable. We now
show that the converse is true, and in particular it can be used to characterize duals
of separable spaces.
Theorem 3.2. E is the dual of a separable space if and only if there exists a
countable, norming subset F ⊂ E∗ such that BE is σ(E,F)-compact.
Proof. Let us assume that E is the dual of a separable space E∗, let D be a dense
countable set in E∗ and take F :=
{
f ∈ E∗ | ∃z ∈ D\{0} : f =
z
‖z‖E∗
}
. F is
obviously countable, norming and BE is σ(E,F)-compact because it is weak-star
compact.
To prove that E is the dual of a separable space, let F be a norming sequence
{fn}n of elements of E∗ and V : x ∈ E 7→ {〈fn, x〉}n∈N ∈ ℓ∞. The fact that V is
an isometry is trivial by (2.1).
Recall that V (E)⊥ is the subspace of ba(N) of elements annihilating V (E):
V (E)⊥ = {m ∈ ba(N) : 〈m,V (x)〉ℓ∞ = 0 ∀x ∈ E}.
Since the Banach space ℓ1 is naturally understood as the subspace of ba(N) con-
sisting of the countably additive measures, we denote by ⊥V (E) the subset of ℓ1 of
elements annihilating V (E):
⊥V (E) = {ξ ∈ ℓ1 : 〈V (x), ξ〉ℓ1 = 0 ∀x ∈ E} = V (E)
⊥ ∩ ℓ1.
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We show that E has an isometric predual E∗
E∗ = ℓ
1/⊥V (E).
As before, we can prove that V (E) is weak-star closed in ℓ∞, and that
E∗ = ℓ
1/⊥V (E) ∼= clE⋆ (spanF) .

If we take E = BMO(Q0), the space of functions with bounded mean oscillation
(see [17]), where Q0 is the unit cube in R
d, we know that its separable predual
is the Hardy space H1. See Example 6.1 for details. As a consequence, one can
construct a norming set F for BMO(Q0) based on the atomic decomposition of H1
(see Section 4). An alternative construction is described in Section 6, along with
details on BMO(Q0) and B(Q0).
Our aim is now to give conditions under which E∗ is dual of an another Banach
space.
Notice that in the case of Example 6.1, E∗ is also dual of the separable Banach
space VMO, the space of functions with vanishing mean oscillation (see [27]).
From now on, with F = {fn}n∈N ⊂ E
∗ we will denote a countable, norming
subset for E generating a separable predual E∗ of E.
Let
V : x ∈ E → {〈fn, x〉E}n∈N ∈ ℓ
∞
the continuous embedding of E and let us consider an isometric predual C of ℓ1
and define EC(F) = EC = {x ∈ E : V (x) ∈ C}. We want to show that under an
appropriate condition we have that (EC)
∗ ∼= E∗.
Theorem 3.3. Let E be a Banach space and E∗ its predual E∗ ≃ clE⋆(spanF).
Fix C an isometric predual of ℓ1. Then, the following condition holds:
(AP) ∀x ∈ E, ∃{yj}j∈N ⊂ EC : yj → x in σ(E,F), sup
j∈N
‖yj‖E < +∞.
if, and only if, (EC)
∗ ∼= E∗ via the duality pairing 〈ψ, y〉EC = 〈y, ψ〉E∗ .
Proof. We start from the fact that V maps EC isometrically in C, so that (EC)
∗ ∼=
ℓ1/(V (EC))
⊥. Using Theorem 3.1, it is sufficient to show that
(V (EC))
⊥ = (V (E))⊥ ∩ ℓ1
(note that (V (EC))
⊥ is taken in ℓ1, while (V (E))⊥ is taken in ba(N)). Equivalently,
for ξ ∈ ℓ1 we need to have that if ξ annihilates V (EC) then it also annihilates V (E).
To show this we fix ξ ∈ (V (EC))⊥ and x ∈ E, and we take a sequence {yj}j∈N ⊂ EC
as in condition (AP). Identifying elements of ℓ1 as elements of ba(N), we can write
〈ξ, V (x)〉ℓ∞ = 〈ξ, V (yj)〉C+〈ξ, V (x−yj)〉ℓ∞ = 〈ξ, V (x−yj)〉ℓ∞ =
∑
n∈N
ξn〈fn, x−yj〉E .
Fix ε > 0. For k ∈ N have that∣∣∣∣∣
∞∑
n=k
ξn〈fn, x− yj〉E
∣∣∣∣∣ ≤ supn∈N |〈fn, x− yj〉E |
∞∑
n=k
|ξn|,
which goes to 0 as k →∞ since
sup
n∈N
|〈fn, x− yj〉E | ≤ sup
n∈N
|〈fn, yj〉E |+ sup
n∈N
|〈fn, x〉E | = ‖yj‖E + ‖x‖E <∞,
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so we can take N = N(ε) ∈ N such that∣∣∣∣∣
∞∑
n=N+1
ξn〈fn, x− yj〉E
∣∣∣∣∣ ≤ ε2 .
Now, since for all n ∈ N we have 〈fn, yj〉E → 〈fn, x〉E , there exists a ν ∈ N such
that for all j > ν we have ∣∣∣∣∣
N∑
n=1
ξn〈fn, x− yj〉E
∣∣∣∣∣ ≤ ε2 ,
so combining the previous inequalities we have that |〈ξ, V (x)〉ℓ∞ | ≤ ε. To prove our
claim it suffices to take ε→ 0.
Conversely, since (EC)
∗∗ ∼= E and the canonical isometry J : EC → E coincides
with the immersion map, the Goldstine theorem implies that the unit ball of EC
is σ(E,E∗) dense in the unit ball of E, or equivalently that for every x ∈ E there
exists a sequence {yj}j∈N ⊂ EC such that yj
∗
⇀ x and supj∈N ‖yj‖EC ≤ ‖x‖E.
Since F ⊂ E∗, the claim is proven. 
Remark 3.4. In case (AP) does not hold, we still have that ⊥V (E) ⊂ (V (EC))⊥,
therefore (EC)
∗ ∼= ℓ1/(V (EC))⊥ ⊂ ℓ1/⊥V (E) ∼= E∗.
When (AP) holds, EC has other interesting properties, under additional condi-
tions on C.
Proposition 3.5. Suppose C is an M-embedded predual of ℓ1 and that condition
(AP) holds. Then EC is an M -embedded Banach space, i.e. we have the decompo-
sition (EC)
∗∗∗ = E∗ = (EC)
∗ ⊕1 (EC)
⊥.
Proof. Let φ ∈ E∗ = (EC)
∗∗∗. From the canonical decomposition (EC)
∗∗∗ =
(EC)
∗ ⊕ (EC)⊥, we can write f = ψ + g, with ψ ∈ (EC)∗ and g ∈ (EC)⊥. Viewing
f as a continuous linear operator on V (E) ⊂ ℓ∞, we can use the Hahn-Banach
theorem to extend it to an elementm ∈ ba(N) such that ‖m‖ba(N) = ‖f‖E∗ . We now
use the known fact that C is an M -embedded space, i.e. we have a decomposition
(ℓ1)∗∗ ∼= ba(N) = ℓ1 ⊕1 C⊥. Using this decomposition we write m = ξ +ms, with
ξ ∈ ℓ1, ms ∈ C⊥ and ‖m‖ba(N) = ‖ξ‖ℓ1 + ‖ms‖ba(N).
We notice that ψ = 0 iff ξ ∈ (V (E))⊥: if x ∈ E we consider a sequence yj as in
(AP) and we obtain, reasoning as in the proof of theorem 3.3, that
〈ξ, V (x)〉C = lim
j→∞
〈ξ, V (yj)〉C = lim
j→∞
〈m,V (yj)〉ℓ∞
= lim
j→∞
〈f, yj〉E = lim
j→∞
〈ψ, yj〉E = 〈ψ, x〉E .
A consequence of this is that ψ can be identified with the equivalence class of ξ,
and g with the equivalence class of ms.
We have now
‖f‖E∗ = ‖m‖ba(N) = ‖ξ‖ℓ1 + ‖ms‖ba(N) ≥ ‖ψ‖(EC)∗ + ‖g‖(EC)⊥ ,
which combined with the triangular inequality ‖f‖E∗ ≤ ‖ψ‖E∗+‖g‖E∗ = ‖ψ‖E∗
C
+
‖g‖(EC)⊥ concludes the proof. 
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Recall that a Banach space Y is a unique (isometric) predual if for all Banach
spaces Z, Y ∗ ∼= Z∗ implies Y ∼= Z, while it is a strongly unique (isometric) predual
if the only norm one projection from Y ∗∗∗ to Y ∗ with weakly closed kernel is the
projection induced by the canonical decomposition Y ∗∗∗ = Y ∗⊕Y ⊥; equivalently, if
P ⊂ Y ∗∗ is such that P ∗ ∼= Y ∗ via the duality induced by Y ∗, then P must coincide
with Y , since for a closed subspace C of a Banach space X we have ⊥(C⊥) = C.
It is known [16] that if Z is an M -embedded Banach space then Z∗ is a strongly
unique predual, while Z is not, unless it is reflexive. We remark that it was
also shown [24] that a separable L-embedded Banach space is a unique predual,
which partially generalizes the previously mentioned result since the dual of an
M -embedded space is L-embedded.
Corollary 3.6. Suppose C is an M-embedded predual of ℓ1 and that condition (AP)
holds. Then E∗ is a strongly unique predual, while EC is not, unless it is reflexive.
Proposition 3.7. Let F = {fj}j∈N ⊂ E
∗. Suppose C is an M-embedded predual
of ℓ1 and that condition (AP) holds. Then for x ∈ E the following distance formula
holds:
(3.3) distE(x,EC) = lim sup
j→∞
|〈fj , x〉E |.
Proof. The inequality distE(x,EC) ≥ lim supj→∞ |〈fj , x〉E | is trivial, so let us now
prove the other inequality. To do this, we can write distE(x,EC) = sup
f∈E⊥C
‖f‖=1
|〈f, x〉E |.
Lifting f to an element m of ba(N) we can then write
distE(x,EC) ≤ sup
m∈(ℓ1)⊥
‖m‖=1
|〈m,V (x)〉ℓ∞ |
= sup
m∈(ℓ1)
⊥
‖m‖=1
∣∣∣〈m, (V (x))(j)〉ℓ∞ ∣∣∣ = lim sup
j→∞
|〈fj , x〉E | ,
where (V (x))(j) is the sequence that is equal to 0 for all indices less or equal than j
and to (V (x))k = 〈fk, x〉E when the index k is greater than n. This concludes the
proof. 
4. Atomic decompositions
The space BMO(Rd) of functions of bounded mean oscillation of John– Niren-
berg [17] is a dual space. A simple proof can be given for d = 1 if we equipe
E = BMO(R) with the norm
(4.1) ‖u‖ = sup
I⊂R
( 
I
|u− uI |
2 dx
) 1
2
where I is a bounded interval, uI =
ffl
I
u and u ∈ L2loc(R).
The famous Theorem of C. Fefferman [12] more precisely and deeply says that
BMO(Rd) is the dual of the Hardy space H1(Rd) of L1 functions whose vector
valued Riesz transform Rf = (R1f, · · · , Rdf) := DI1f belongs to L1, where I1f is
the Riesz potential
(4.2) I1f(x) =
1
γ
ˆ
Rd
f(y)
|x− y|d−1
dy
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This is the original definition of real Hardy spaces H1(Rd) due to Stein– Weiss [30].
The norm in H1 is given by
(4.3) ‖f‖H1 = ‖f‖L1 +
d∑
j=1
‖Rjf‖L1
and the pairing between BMO and H1 is represented by
(4.4) f ∈ H1 →
ˆ
uf dx u ∈ BMO.
Actually this integral converges absolutely if f belongs to a certain dense linear
subspace H1a of H
1 consisting of finite linear combinations of atoms (see [29], Ch.3,
Section 2.4).
By atom in H1(R) we mean here a function a : R→ R such that there exists an
interval I such that
(4.5)

a ∈ L2loc(R), supp a ⊂ I,
ffl
I a = 0, ‖a‖L2(I) ≤
1
|I|1/2
.
Let us now assume that BMO(R) is dual of the Banach space E∗ and let us show
that an element f of E∗ has the form
(4.6) f =
∞∑
j=1
λjaj ,
∑
|λj | <∞, aj ∈ A
where A is the set of atoms (4.5).
Observe first of all that for all intervals I( 
I
|u− uI |
2 dx
) 1
2
= sup
a∈AI
∣∣  
I
ua
∣∣
where a ∈ AI iff
ffl
I
a = 0,
ffl
I
a2 ≤ 1.
Hence
‖u‖ = sup
∣∣ˆ
I
ua
∣∣
where the supremum is taken over all atoms verifying (4.5). It follows that elements
f of the predual E∗ of E have representation (4.6). Moreover, if (aj) is a sequence
of H1a and (λj) of real numbers satisfying
∑
|λj | <∞, then the series
f =
∑
λjaj
converges in the sense of distributions and its sum belongs to H1 with ‖f‖H1 ≤
c
∑
|λj | (see [29], Ch. 3, Section 2.2.).
Also the space BV of functions of bounded variation is a dual of a separable
Banach space with atomic decomposition. See [10] for a general result on preduals
of Banach spaces defined and normed by the fact that x ∈ E if and only if
‖x‖E = sup
L∈L
‖Lx‖Y <∞
where L is a collection of operators L : X → Y , X and Y Banach spaces.
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More precisely, if X is a reflexive Banach space and L = (Lj)j∈N is a sequence
of linear forms Lj ⊂ X∗ and
E =
{
x ∈ X : sup
j
|Ljx| <∞
}
is a Banach space under the norm
‖x‖E = sup
j
|Ljx|
and E →֒ X then E has an isometric predual with atomic decomposition. The
cases E = BMO, E = BV or E = B the space recently introduced by Bourgain-
Brezis-Mironescu are included (see also [5]) .
In [11] the same atomic decomposition result is proved weakening the reflexivity
assumption on X .
This result on atomic decomposition can be generalized in a very simple way
using Theorem 3.2. Let E∗ be a separable Banach space F = {fj}j∈N, be as in the
first part of the proof of Theorem 3.2, and apply the theorem to E := (E∗)
∗ and F .
This allows us to identify E∗ with ℓ
1/⊥V (E), so to every ψ ∈ E∗ we can associate
ξ = {ξj}j∈N ∈ ℓ1, defined up to elements of ⊥V (E), such that
(4.7) ψ ≃ [ξ] =
∑
j∈N
ξjδj
 =∑
j∈N
ξj [δj ] =
∑
j∈N
ξjfj.
This representation of the elements of E∗ has the nice property that, by definition
of quotient,
‖ψ‖E∗ = inf ‖ξ‖ℓ1 ,
where the infimum is taken between all such representation. This is actually better
than the usual results on atomic decompositions, where there is only an equivalence
of norms.
5. Properties of some preduals of ℓ1
We know that c0, the space of all sequences of real numbers converging to
zero, equipped with the supremum norm, is an isometric predual of ℓ1 and is M-
embedded, so one could hope that it could be used for various examples. However,
it is far too limiting to only consider this space, and to show some interesting ex-
amples of spaces satisfying this structure we need to introduce and study particular
preduals of ℓ1.
Definition 5.1. Let X be a locally compact Hausdorff space. We define by C0(X)
the set of continuous real valued functions f : X → R on X that vanish at infinity,
i.e. for every ε > 0 there exists a compact Kε such that |f(x)| < ε for every x /∈ Kε.
Let τ be a locally compact Hausdorff topology on N. We denote the space
C0(N, τ) by c0(τ). The following theorem holds
Theorem 5.1. Let τ be a locally compact Hausdorff topology on N. Then (c0(τ))
∗ ∼=
ℓ1.
Proof. The Riesz-Markov-Kakutani representation theorem for C0 [26] implies that
every element L of the dual of c0(τ) is uniquely represented in the form Lµ : x =
{xj}j∈N ∈ c0(τ) 7→
ˆ
N
xj dµ(j) for some regular signed Borel measure µ, and the
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norm of µ in (c0(τ))
∗ is equal to its total variation |µ|(N).
For j ∈ N, we define aj = µ({j}) = Lµ(δj), where δj is the element of c0(τ) that
is equal to 1 for the index j and 0 for every other index. It is easy to see that∑
j∈N aj ≤ |µ|(N) < ∞, so that a = {aj}j∈N ∈ ℓ
1, and since the span of the δj is
dense in c0(τ) we can actually identify µ with a ∈ ℓ1, and |µ|(N) actually coincides
with ‖a‖ℓ1, concluding the proof. 
We now prove the following.
Proposition 5.2. Let τ be a locally compact Hausdorff topology on N. Then c0(τ)
is M-embedded.
Proof. We have the decomposition ba(N) = ℓ1 ⊕ (c0(τ))⊥, where (c0(τ))⊥ is the
subset of ba(N) consisting of those functions that vanish on all compacts of τ .
We need to show that it is an ℓ1 decomposition, i.e. for every decomposition
m = ξδ + ms of m ∈ ba(N), where δ indicates the counting measure on N, ξ =
{ξj}j∈N ∈ ℓ1 and ms ∈ (c0(τ))⊥, we have ‖m‖ba(N) = ‖ξ‖ℓ1 + ‖ms‖ba(N).
Without loss of generality, we can assume that m, ξ and ms are non-negative,
since we can decompose every element µ ∈ ba(N) in its positive and negative part
µ = µ+ − µ−, and we have ‖µ‖ba(N) = ‖µ+‖ba(N) + ‖µ−‖ba(N) = µ+(N) + µ−(N)
[31]. It is also not hard to show that if µ ∈ ℓ1 (µ ∈ c0(τ)
⊥ respectively) then µ+
and µ− are also in ℓ
1 (c0(τ)
⊥ respectively).
Since for every τ -compact K we have ms(K) = 0, we can write
‖m‖ba(N) = m(N) = m(K) +m(N \K)
=
∑
j∈K
ξj +
∑
j∈N \K
ξj +ms(N \K)
=
∑
j∈K
ξj +
∑
j∈N \K
ξj + ‖ms‖ba(N).
Now, for all ε > 0 there exists a finite subset K of α such that
∑
j∈K ξj ≥ ‖ξ‖ℓ1−ε,
and since all finite subsets of N are compact for τ , by taking ε → 0 we obtain
‖m‖ba(N) = ‖ξ‖ℓ1 + ‖ms‖ba(N), concluding the proof. 
We can use this to obtain the following result, which will be useful to obtain
examples.
Proposition 5.3. Let E be a Banach space, F˜ ⊂ E∗ a family of linear forms on E
equipped with a locally compact, Hausdorff and separable topology τ˜ . Assume that F˜
is norming for E, that BE is σ(E, F˜)-compact and that the maps f ∈ F 7→ 〈f, x〉E
are τ˜-continuous for all x ∈ E.
Let E0 =
y ∈ E : lim supf∈F˜
f→∞
|〈f, y〉E | = 0
, where f → ∞ is intended in the one
point compactification of τ˜ . Then E0 = Ec0(τ)(F), where F is a countable dense
subset of F˜ and τ is the topology induced by τ˜ on F .
Proof. We start by noticing that BE is σ(E,F)-compact, τ is locally compact and
Hausdorff, and by continuity we also have that F is norming for E. We can thus
apply the theory of section 3, and we easily get that E0 = Ec0(τ)(F). 
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6. examples
We start by stating a lemma, which will help prove that BE is σ(E,F)-compact
in many cases.
Lemma 6.1. Let X be a reflexive Banach space, F ⊂ X∗ and E = {x ∈ X :
‖x‖E := supf∈F |〈f, x〉X | <∞}. Assume E is continuously embedded in X. Then
BE is σ(E,F)-compact.
Proof. Without loss of generality, we assume that E is densely contained in X .
Since E →֒ X , there exists λ > 0 such that BE ⊂ λBX , which implies that BE has
weakly compact closure in X . But BE is closed in X : for every net {xα}α∈A ⊂ BE
converging to x˜ ∈ X and for every f ∈ F we have 〈f, xα〉X → 〈f, x˜〉X , which implies
that |〈f, x˜〉X | ≤ 1, and since |〈f, x〉X | < ∞ if and only if x ∈ E we have x˜ ∈ BE ,
which implies that BE is weakly compact in X , and in particular σ(E,F)-compact
in E. 
Let us denote by Q0 the unit cube [0, 1]
d in Rd.
Example 6.1. Consider the space [17]
BMO(Q0) =
{
u ∈ L1(Q0)/R : [u]∗ := sup
Q⊂Q0
 
Q
|u(x)− uQ|dx <∞
}
,
whereQ varies between all cubes contained inQ0 and uI =
 
I
u(x)dx :=
1
|I|
ˆ
I
u(x)dx.
Let Q˜ be the family of all cubes contained in Q0 and Q the subset of rational cubes.
We can consider the bijection between Q˜ and
◦
Q0×(0, 1]: if s(x), for x ∈
◦
Q0, defines
the maximum side length of a cube centered in x, we associate to (x0, t) ∈
◦
Q0×(0, 1]
the cube q(x0, t) centered in x0 with side length s(x0)t. This map induces a topol-
ogy on Q˜ for which Q is dense
Let B = BL∞(Q0) and consider the family F˜ = {φQ,h}I∈Q,h∈B, where φQ,h is defined
as
φQ,h : u ∈ BMO(Q0)/R 7→
 
Q
(u(x)− uQ)h(x)dx ∈ R .
Let us endow B with the weak topology on L2(Q0): this choice makes B Hausdorff
and separable, and since B is closed and bounded in L2, it is also compact. As a
consequence, we can endow F˜ with the topology induced by the topologies on Q˜
and B.
We now verify the conditions to apply Proposition 5.3.
1. F˜ is norming for BMO(Q0). This is just a consequence of the fact that
‖f‖L1 = sup
g∈L∞
‖g‖L∞≤1
ˆ
fg and the definition of BMO(Q0).
2. The unit ball of BMO(Q0) is σ(BMO(Q0), F˜)-compact. This can be shown
by applying Lemma 6.1 with X = L2(Q0)/R. In this case X
∗ = L20(Q0), the space
of L2(Q0) functions having zero integral on Q0. Seeing φQ,h as acting on L
1(Q0)/R,
we have the canonical identification φQ,h ∼
χQ
|Q|h−
´
Q h dx, which is easily seen to
be in L2(Q0).
3. The map φ 7→ 〈φ, u〉BMO(Q0) is continuous for all u ∈ BMO(Q0). We first
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note that the map Q 7→ |Q| is continuous, and for fixed u ∈ L2(Q0) we have∣∣∣∣ˆ
Q1
u(x) dx−
ˆ
Q2
u(x) dx
∣∣∣∣ ≤ ˆ
Q1∆Q2
|u(x)| dx ≤ |Q1∆Q2|
1/2‖u‖L2(Q0),
so that the map Q 7→
´
Q u(x) dx, and as a consequence the map Q 7→ uQ, is
continuous. Let us now fix u ∈ BMO(Q0) ⊂ L2(Q0)/R, Q1, Q2 ∈ Q, h1, h2 ∈
BL∞(Q0) and compute:∣∣〈φQ1,h1 − φQ2,h2 , u〉BMO(Q0)∣∣
=
∣∣∣∣ 
Q1
(u(x) − uQ1)h1(x)dx −
 
Q2
(u(x) − uQ2)h2(x)dx
∣∣∣∣
≤
∣∣∣∣ 
Q1
(u(x) − uQ1)h1(x)dx −
 
Q1
(u(x) − uQ1)h2(x)dx
∣∣∣∣
+
∣∣∣∣ 
Q1
(u(x)− uQ1)h2(x)dx −
 
Q1
(u(x) − uQ2)h2(x)dx
∣∣∣∣
+
∣∣∣∣ 
Q1
(u(x)− uQ2)h2(x)dx −
 
Q2
(u(x) − uQ2)h2(x))dx
∣∣∣∣
=
∣∣∣∣ 
Q1
(u(x) − uQ1)(h1(x)− h2(x))dx
∣∣∣∣ + |uQ1 − uQ2 | ∣∣∣∣ 
Q1
h2(x)dx
∣∣∣∣
+
∣∣∣∣ 
Q1
u(x)h2(x)dx −
 
Q2
u(x)h2(x)dx
∣∣∣∣
≤
∣∣∣∣ 
Q1
(u(x) − uQ1)(h1(x)− h2(x))dx
∣∣∣∣ + |uQ1 − uQ2 |+ |[uh2]Q1 − [uh2]Q2 ||,
where u(x) − uQ1 ∈ L
2(Q0) because of the John-Nirenberg inequality, so that
the first term goes to zero as h1−h2 ⇀ 0 in L2(Q0), while the second and the third
can be made arbitrarily small as the cubes Q1 and Q2 are close in the topology on
Q; as a result of this, our claim is proven.
We thus obtain that
E0 = VMO(Q0) :=
{
v ∈ BMO(Q0) : lim sup
|I|→0
 
I
|v(x) − vI |dx = 0
}
is the “little o ”to BMO(Q0) (for the theory of o-O spaces see [22], [23],[6]). Using
the fact that clBMO(Q0)C
∞(Q0) = VMO(Q0) ([14], Chapter VI), one can show
the (AP) property by convolution with suitable functions ([10]), and with that we
obtain many classically known results about VMO(Q0) ([27], [21]) such as the
M-embedding of this space and the distance formula
distBMO(Q0)(u,C
∞(Q0)) = lim sup
|I|→0
 
I
|u(x)− uI |dx.
Remark 6.2. In conclusion, following [8], we notice that H1 is one of the few exam-
ples of a separable, non reflexive space which is a dual space.
Example 6.2. The space B(Q0), introduced in [7] (see also [1]), is defined as
(6.1) B(Q0) =
{
u ∈ L1(Q0) : [u] := sup
0<ε≤1
[u]ε <∞
}
,
14 L. D’ONOFRIO, G. MANZO, C. SBORDONE, AND R. SCHIATTARELLA
where [u]ε =
∑
P⊂Fε
(
εd−1
∑
Q∈P
ffl
Q |u(x)− uQ|dx
)
and Fε is the set of all unions
of at most ε1−d disjoint cubes of side length ε. It is associated with the closed
subspace
B0(Q0) :=
{
u ∈ B(Q0) : lim sup
ε→0
[u]ε = 0
}
,
which can be regarded as the “little o”space corresponding to B. In [7] it was
proven, among other things, that (B0(Q0))
∗∗ ∼= B(Q0), and additional properties
were shown in [10], including a description of the predual of B via atomic decom-
position.
It is not hard to extend the constrution for BMO case to B, and the results from
sections 3 and 5 hold with little changes.
Example 6.3. Let (K, d) be a compact metric space. We define the Lipschitz
space
Lip(K, d) =
{
u ∈ C(K) : [u]Lip(K,d) := sup
x 6=y∈K
|u(x)− u(y)|
d(x, y)
<∞
}
and its subspace
lip(K, d) =
{
v ∈ Lip(K, d) : lim sup
d(x,y)→0
|v(x) − v(y)|
d(x, y)
= 0
}
.
Particular cases of this spaces are the Ho¨lder spaces C0,r(K) = Lip(K, deuclr) with
K a compact subset of Rn and 0 < r ≤ 1, with their vanishing subsets c0,r(K). We
remark that c0,1(K) = lip(K) ≡ R.
The quantity [·]Lip(K,d) is a seminorm on Lip(K, d), and there are many equivalent
ways to turn it into a norm: in particular, we choose to restrict Lip(K, d) to the
space of functions vanishing in a fixed point P . The resulting space is a Banach
space.
LetKs be a countable dense of subset ofK (it exists because compact metric spaces
are totally bounded) and consider F =
{
φx,y =
δx−δy
d(x,y) : x, y ∈ Ks, x 6= y
}
, where
δx(u) = u(x). F is obviously norming for Lip(K, d), and it can be easily proven
that BLip(K,d) is σ(Lip(K, d),F)-compact: it is enough to show that BLip(K,d) is
σ(Lip(K, d),∆)-compact, where ∆ = {δx : x ∈ K}, but σ(Lip(K, d),∆)-convergence
is just pointwise convergence, so by applying the Ascoli theorem to BLip(K,d) we
easily prove the claim.
To apply Proposition 5.3, we just give F the topology induced by K2\diag(K2);
with this topology, the assumptions can be easily shown. Using this construction,
the corresponding little space is lip(K, d).
There is a wide literature that studied conditions equivalent to the property (lip)∗∗ ∼=
Lip [19, 15]: in particular, for a compact space it turns out that those conditions
are equivalent to the AP property, and that distances of the form dr with 0 < r < 1
have this property. In this case we obtain the results about M-embedding and
the distance formula. This can thus be seen as a generalization of [4] (see [3] for
connection with Kantorovich-Rubinstein transport distance) .
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Example 6.4. Let us go back to the space BV (Q0).
For every (d+1)-tuple (ϕ0, ϕ1, . . . , ϕd) ∈ C0(Q0)d+1 we can define the linear action
u ∈ BV (Q0) 7→
ˆ
Q0
uϕ0dx +
d∑
i=1
ˆ
Q0
u
∂ϕi
∂xi
dx,
which is just another way to obtain the construction in (3.1).
Let now Φ = {ϕj}j∈N be a countable dense subset of {ϕ ∈ C∞c (Q0) : ‖ϕ‖∞ ≤ 1},
and consider F := Φd+1. From the definition itself of BV (Q0), F is norming, and
since W (Q0) := cl(BV (Q0)∗)span(F) = {ϕ+ divφ : ϕ ∈ C0(Q0), φ ∈ C0(Q0;R
d)} is
precisely the (vector) space obtained in (3.2) by construction and it automatically
satisfies the assumptions of Theorem 3.1.
However, Proposition 3.5 does not apply to BV (Q0); more specifically, it is possible
to prove the following:
Theorem 6.3. The space W (Q0) is not a strongly unique predual.
Proof. We will show that there exists a closed subspace P ⊂ (BV (Q0))∗, not coin-
ciding with W (Q0), such that P
∗ ∼= BV (Q0) under the duality pairing induced by
〈·, ·〉BV (Q0).
We start by noting that C(Q0), endowed with the supremum norm, is contained
isometrically in (BV (Q0))
∗: more specifically, for Ψ ∈ C(Q0), we can consider the
functional
u ∈ BV (Q0) 7→
ˆ
Q0
Ψu dx.
It is easy to show that
∣∣∣∣ˆ
Q0
Ψu dx
∣∣∣∣ ≤ ‖Ψ‖C(Q0)‖u‖L1(Q0) ≤ ‖Ψ‖C(Q0)‖u‖BV (Q0), so
that Ψ ∈ (BV (Q0))∗, and by testing on constant functions you get ‖Ψ‖(BV (Q0))∗ =
‖Ψ‖C(Q0). Moreover, we get that this identification is injective. Similarly, W (Q0)
contains an isometric copy of C0(Q0), corresponding to C0(Q0)× {0}d.
Now, C0(Q0) contains an isometric copy of c0: if {Kn}n∈N is an exhaustion by
compacts of Q0, take S1 := K1, Sn := Kn\Kn−1 and σn ∈ C0(Sn), ‖σn‖C0(Sn) = 1.
We can then consider the map
ρ : ξ = {ξn}n∈N ∈ ℓ
1 7→
∑
n∈N
ξnσn ∈ C(Q0),
which can be easily seen to be an isometry, and ρ(c0) ⊂ C0(Q0). A theorem by
Sobczyk [28] says that if a separable Banach space contains an isometric copy of
c0 then it is complemented: in particular, we can write W (Q0) = W
′ ⊕ ρ(c0). If
we now consider C a predual of ℓ1 not isomorphic to c0, then W
′ ⊕ ρ(C), with the
norm induced by (BV (Q0))
∗ (since ρ(C) ⊂ ρ(ℓ∞) ⊂ C(Q0) ⊂ (BV (Q0))∗), is a
predual of BV (Q0) via the canonical duality pairing, i.e. W (Q0) is not a strongly
unique predual. 
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